JOURNAL OF COMPUTATIONAL PHYSICS 20, 259-267 (1976)

Conservation Properties of Numerical Integration Methods for Systems
of Ordinary Differential Equations*

JERROLD S. ROSENBAUM

ICASE, National Aeronautics and Space Administration, Langley Research Center,
Hampton, Virginia 23665

Received November 22, 1974; revised January 21, 1975

If a system of ordinary differential equations represents a property conserving system
that can be expressed linearly (e.g., conservation of mass), it is then desirable that the
numerical integration method used conserve the same quantity. It is shown that both
linear multistep methods and Runge-Kutta methods are ‘‘conservative” and that
Newton-type methods used to solve the implicit equations preserve the inherent con-
servation of the numerical method. It is further shown that a method used by several
authors is not conservative.

I. PRELIMINARIES

Consider a system of differential equations of the form

dy/dx = f(x, y)s y(x()) = 770 ) (1)
where 3 = (¥,..., )7 and f = (f},....,f,)'. Suppose that the solution satisfies
one or more conservation laws of the form wly = M, where w = (w;,..., w,)7,

is a vector of constant weights. (This is a linear invariant of the system.) Then,
by differentiating, we get

wif(x,y) = 0. 2

For the remainder of the paper, we assume that (2) is valid not only for the solution,
but for all (x, y).

DEerFINITION. Let (1) be a system of differential equations satisfying (2), and
let {(x,,y™}, n =0,1,2,..., be a discrete numerical solution to (1) produced by
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a given method. The method is said to be conservative with respect to a given weight
vector w = (wy ,..., wy)T, if

wiyr = M, n=20,1,2,.., 3)

where M is a constant.

For example, if the y, represent the number densities of s chemical species and
(2) holds with the w, = 1, then the chemical reaction would conserve the total
number density, 3;_, y; .

The fact that many methods conserve linear invariants has several ramifications:
(i) One can choose to integrate all the equations, or to eliminate one equation and
integrate the remaining equations. The choice depends on the size of the system
and whether or not the elimination of one equation destroys the sparsity of the
system (or the Jacobian). (ii) The use of invariants to check the accuracy of
integration is often misleading because all it usually checks for is roundoff error
(and not truncation error). (iii) If the physical system satisfies a linear conservation
law, then a numerical method that preserves the same law should be used, to
eliminate one source of numerical error.

In Section II, it is shown that any consistent linear multistep, hybrid, or Runge-
Kutta method is conservative; one of the nonconservative methods is discussed in
Section III. In Section IV, it is shown that the use of certain Newton-type methods
used to solve implicit methods is also conservative if the method itself is conser-
vative.

II. CONSERVATION FOR LINEAR MULTISTEP, RUNGE-KUTTA, AND HYBRID METHODS

Consider a general linear multistep method [1}, of degree &

k

k
Z ap; y" = h Z Besf", €]
i=0

=0

where y»7 = (y17,..., y?7)V and f*J = f(x,_;, ") and k is the step size. We
will show that if the conservation property is valid for preceding values of y, then
the conservation property is also valid for y™.

THEOREM 1. Ifwiy! = M forl=n — 1, n — 2,...,n — k, and if (2) holds for
all (x, y), then wTy® = M, where y™ has been computed by a consistent linear
multistep method of degree k.
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Proof. 1t follows from (4) that

k k
Z oWy = h 2 Bre—swTf . (%)
=0 i~0
From (2), wTf? = 0 and by our hypothesis, w”y! = M for n — k << I < n; hence,
k-1
auwTy® + 3 oM = 0. 6)
j=0

Any consistent linear multistep method satisfies ZJ';O o; = 0; hence, (6) implies
wiy® = M,
Consider a general m-stage Runge-Kutta method [1]

yn — yn—l + Z ajKj, n = 1, 2,..., (7)
j=1

where the K7 satisfy the system of equations
Ki= hf(xp_y + ¢, y» 2 4+ Y buKY,  j=1,.,m. ®)
=1
From (2) and (8), it follows that wTK? = 0, and thus,

m
wiyn = wipn=t + % gqwTKi, n=12,..,

i=1

= wlpr-1, C))
Thus, we have shown
THEOREM 2. If wiy™-1 = M and (2) holds for all (x,y), then wTy® = M for
n = 1, where y™ has been computed by an m-stage Runge—Kutta method.

Theorems 1 and 2 are known [6], but are repeated here because the results are
not widely known.
Consider the hybrid method [4] of degree k

k k
Yooyl =hY B fr B fFr, 0<v <L
iZo0 i~

THEOREM 3. Ifwiyl = M forl = n — 1,...,n — k, and if (2) holds for all (x, y),
then wTy™ = M, where y™ has been computed by a consistent hybrid method.

The proof follows the same lines as Theorem 1.
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III. EXAMPLE OF A NONCONSERVATIVE METHOD

In finite-rate chemical reaction calculations, the following system of s equations
is encountered.

dyi/dx = Pi(x: y) - yiLz'(xg y), i= 15'-" s, (lO)

where, as before, y = (y;,..., ¥s)7 and P,(x,y) and L,x,y), which are called
production and loss functions, are given. Let us further suppose that (2) holds
with w; = -+ = w, = 1; that is,

Y [P, ) — piLi(x, ¥)] = O. (11)
i=1

The following method has been used by several authors (see [2, 3]). Let
(J’?H - yin)/h = Piﬂ - J’;‘+1Liﬂs i = 1,"-’ 5, (12)

where P,* = P(x,,y"), L, = Li(x,,y"), and y" = (),"..., ¥,"). Equation (12)
can be rewritten as

J'?H = y" + AP" — y"L"] + hL"[y;" — y;lﬂ]- 13)

By (11), the method (12) is conservative if and only if
Z L™y — J'z”l) = 0. (14)
i=1

Equation (14) does not, however, hold in general, and the method is not conser-
vative. For example, for the system

o=y, (P, =0,L, =0),
Yo' = 4y, (Po=y1,L, =0),

n+1

the sum, in Eq. (14), is y7™* — »™

It should be noted that method (12), can be made “almost conservative” and
in the limit conservative, if one applies (12) as a successive substitution process.
That is, one evaluates P, and L, using the latest available values for { y**'} and
iterates (12) until convergence. The net effect of the successive substitution process
is to apply the Euler implicit scheme directly to (10). The cost of the process is
likely to be several times more expensive than using the Euler implicit method
with modified Newton-Raphson iterations to solve the implicit equations [1].
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1V. THE EFFECT OF ITERATIVE METHODS ON CONSERVATION

Many linear multistep and Runge-Kutta methods are implicit. Consequently,
it would be useful if the iterative method, which is used to solve the nonlinear
equations at each time step, would preserve the conservation property.

DEerINITION.  An iterative method for solving equations is said to preserve the
conservation property if all iterates, y'?, p = 0, 1,..., satisfy w™y® = M, where
wl = (W ,..., ).

In the case of predictor-corrector schemes using successive substitution, it
follows from the proof of Theorem 1 that if both the predictor and corrector are
conservative, then successive substitutions will preserve the conservation property.
Similarly, it follows from the proof of Theorem 2 that for implicit Runge-Kutta
methods, successive substitutions preserve the conservation property.

For stiff systems, Newton-type methods are usually used to solve the implicit
equations at each step. In Theorem 4, we isolate a property of Newton-type
methods which guarantees that the method preserves the conservation property.
We then show that two common types of Newton methods, modified Newton
and Broyden methods, preserve the conservation property for both linear multi-
step methods and Runge-Kutta methods.

THEOREM 4. Consider a system of s equations
F(y)=0 (15)
and the Newton-type method
B, 8y'» = —F(y»), p=01,., (16)

for solving (15), where B, is the nonsingular pth iteration matrix, §y'?) = y(r+1) — yin)
and y'® is the pth approximation to the solution of (15). If wT = (wy,.., w,) is a
vector of weights such that

wiy® = M, (17
wlF(y) =0,  for all y such that wTy = M, (18)

and
wiB, = Aw”,  p = 0, l,..., for some scalar nonzero A, (19)

then wTy® = M, p = 0, 1,....

Proof. From (16) and (18), we have that w”B,dy'® = —wTF(y'») = 0.
Therefore, from (19), it follows that Aw? §yt» = 0, or wTy!P+l) = yTy(® and by
induction, the theorem is proved.
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Consider the linear multistep method (4) applied to the differential Egs. (1).
To obtain the y», we must solve the nonlinear system of equations

F(y) =y — hBuf(xa, ) + 2_: (01"~ — hfs_s [ = 0, (20)

where we have assumed that «, = 1. A “modified” Newton method for solving
(20) can be written as

U — hBif(#P, 9] 8y™» = —F(y"p), @0

where y™? is the pth approximation to y*, dy*-? = ymr+l — yns apnd (&, $»)
is any value of the independent and dependent variables (if we choose (x,, , y*?)
we have the usual Newton method).

We may simultaneously consider the semi-implicit Runge-Kutta method

yr=y"14+ Y aK", n=12,.., (22)
j=1
where K7 is defined as the solution of the equations
F(K¥) = K/ — hf(xn_1 + ey yrt + Y b,-,K') =0, j=1,.,m (23)
i=1

A Newton-type method for solving (23) can be written as
[I — hb, fA&®), §)] 8K?-? = —Fy(Ki?) (24)

and we define a sequence of approximations to y* by

P = yn—l + z ajK.’i.P (25)

i1
CoOROLLARY 1. Suppose wTy™0 = M.

(@) If the linear multistep method (4), with o, == 1, is conservative (i.e.,
satisfies the hypotheses of Theorem 1) then all the modified Newton iterates y™?,
p =L, 2,..., for the linear multistep method (21) satisfy wiy™? = M.

(b) If wiyrl = M, the semi-implicit Runge—Kutta method (22) and (23), is
conservative, and wTK#:° = 0, then all the modified Newton iterates y*?,p = 1, 2,...
Jor the semi-implicit Runge—Kutta method (24) and (25), satisfy wTy™? = M.

Proof. We will proceed by an induction on p, for each fixed n. For the linear
multistep method, we are given that (17) is valid and from Theorem 1 and its proof,
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we have that (18) holds. From (2), we have that w7f,(x, y) = 0 for all (x, y) and,
therefore, w’[I — A, f,(%, )] = wT. Consequently, by Theorem 4, the corollary
is proved for linear multistep methods.

For semiimplicit Runge-Kutta methods, we can similarly show that w”K7:» = 0.
Tt then follows that wTy™? = wTyn—1 L 37 awTKi? or wiym? — wiyn-1 = M,
and the corollary is proved.

Remark. y™° can always be chosen such that wTy»? = M. For instance,
choose y™? = ym-1. Similarly, we can satisfy wTK*® = 0 by choosing K’° to
be the last set of K¥’s from the calculation of y*! (or zero if n = 1).

Broyden’s method [5] for solving (20) may be written as

B, 8ym? = —F(y"?), (26)
where B, is a given approximation to the Jacobian of (20) and

By, = B, + ((8F™? — B, 8y™*)(8y™»)" /|l 6y™* |[%), 27
SFrd = F(y"-”+1) _ F(y”-”). (28)

COROLLARY 2. Suppose wTy™® = M and w'B, = AwT for some nonzero X.

(@) If the linear multistep method (4) satisfies the hypotheses of Theorem 1,
then all Broyden iterates for the linear multistep method satisfy wTy™? = M.

(b) If the semi-implicit Runge—Kutta method (22) and (23) satisfies the hypoth-
eses of Theorem 2, and wTK?-® = 0, then all Broyden iterates for the semiimplicit
Runge—Kutta method satisfy wTy®? = M.

Proof. As in Corollary 1, we have that (17) and (18) are valid for the linear
multistep method. We will now show that if w”B, = Aw7, then w'B,,, = AwT,
This is equivalent to showing that w’G,, = 0, where

G, = [6F»? — B, 3y™?].
From (28), we may write
WG, = [WIF(ymo+1) — wTF(y"7?) — wTB, Sym-7]
= [—2awT §y"-?] = 0.

Therefore, by induction and Theorem 4, Corollary 2 is proved for linear multistep
methods.

Proceeding as above, it can be shown that for the semi-implicit Runge-Kutta
methods, the Broyden iterates for K’ satisfy w’K??» = 0. Therefore, as in
Corollary 1, we have that wTy™»? = M,
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Remark. The condition wTB, = Aw7 can be satisfied if we choose, for example,
B, = I — f, for some v.

Corollaries 1 and 2 can be extended to include secant methods for solving the
nonlinear equations for both linear multistep and semi-implicit Runge-Kutta
schemes. However, the extension of the corollaries to fully implicit Runge-Kutta
schemes, (7) and (8), is more complex. Successive substitutions would preserve
the conservation property but Newton- and Broyden—type methods preserve the
conservation if either the implicit Runge-Kutta coefficients are chosen correctly,
or the nonlinear equations are solved in the appropriate ways (as described below).

For implicit Runge-Kutta schemes, Eq. (23) would have to be written as
Fi(KL,..., K™) = 0, a system of ms simultaneous nonlinear equations. If w”K#° = 0,
j = 1,..., m, then Newton (or Broyden) iterations lead to Z;":I wiK’? = 0, which
does not necessarily imply that 37, a,wTK?# = 0 unless all the {a;} are equal.
For example, for the method [4, p. 244]

yrit = pr o+ (AANK + K?),
K' = hf(x, ., y" + (1/4) K* — (1/4) K?),
K? = hf(x, + (2/3) b, " + (1/4) K* + (5/12) K?),

the use of the Newton or Broyden methods to solve the 25 equations for K and K?
does not preserve the conservation property.

However, if one uses a Gauss—Seidel-Newton (or Broyden or Secant) or a
Jacobi-Newton (or Broyden or Secant) method [7] to solve Eq. (23), then the
conservation property is preserved. The proof of this follows the same lines as
Corollary 2, part (b).
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